Abstract-Super-resolution algorithms used in radar imaging, e.g., MUltiple SIgnal Classification (MUSIC), can help us to get much higher resolution image beyond what is limited by the signal's bandwidth. We focus on MUSIC imaging algorithm in the paper and investigate the uniqueness and effectiveness conditions of the MUSIC algorithm when used in 1-D radar range imaging. Unlike conventional radar resolution analysis, we introduced the concept of resolution threshold from Direction of Arrival (DOA) into the MUSIC radar range imaging, we derive an approximate expression of theoretical resolution threshold for 1-D MUSIC imaging algorithm through the approach of asymptotic and statistical analysis to the null spectrum based on the perturbation theory of algebra and matrix theories. Monte Carlo simulations are presented to verify the work.
INTRODUCTION
High-resolution radar range imaging has long been a highly focused technique in radar community, which has been widely used in both military and civil applications [1] [2] [3] . Usually, high-resolution means large bandwidth is required; however large bandwidth usually leads to high complexity of radar system, not only for hardware but also for imaging processing. In this regard, super-resolution algorithms are preferred choices for realizing high-resolution image without large or ultra-large bandwidth. In deed, spectrum estimation methods, such as MUltiple SIgnal Classification (MUSIC) [4] [5] [6] and Estimation of Signal Parameters via Rotational Invariance Techniques (ESPRIT) [7] [8] [9] , have already been used in realizing super-resolution radar image.
In this paper, we only pay attention to MUSIC. Researches on MUSIC can be traced back to 1979, which was proposed by Schmidt originally for Direction of Arrival (DOA) estimation with incoherent waves [10, 11] . Ever since the MUSIC was proposed, continuous researches have been conducted in the following thirty years [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . As research on the MUSIC goes deeper and deeper, its inherent drawbacks, i.e., huge computation burden as well as weak stability, become a major difficulty in its practical application. Fortunately, a lot of efforts on improving the MUSIC have been made by many researchers. Barabell [24] , Rao [25] , Krim [26] , et al. proposed a Root-MUSIC algorithm to save computation time. Shan [27] , Haber [28] et al. discussed the coherent signal in DOA estimation and proposed some practical solutions, such as Spatial Smoothing Process (SSP) [29, 30] .
introduce the concept of resolution threshold from DOA into radar range imaging, and determine whether two adjacent targets could be distinguished by analyzing the null spectrum [33] . We analyze the uniqueness and effectiveness conditions of the MUSIC algorithm, which means that when both of them are simultaneously met then one can get the correct radar image. Based on the asymptotic statistical analyzing approach to the null spectrum with the help of perturbation theory of algebra and matrix theories, an approximate expression of theoretical resolution threshold for 1-D MUSIC algorithm is derived. Monte Carlo simulations are presented to verify the analysis.
The remainder of the paper is organized as follows. We set up radar echo model in range in Section 2, and then we investigate the uniqueness and effectiveness conditions for the MUSIC in Section 3.
In Section 4, we analyze the statistical characteristics of the null spectrum, and then derive the expression describing the resolution threshold, and in Section 5, we give some simulations. Finally, we conclude the paper in Section 6.
MUSIC ALGORITHM FOR RADAR RANGE IMAGING
We consider the 1-D radar range imaging. As shown in Fig. 1 , the number of the scattering centres is K, the sampled frequencies are f m = f 0 + m∆f (m = 0, . . . , M − 1), the distance from the radar antenna to the centre of the imaging zone is R 0 , and the coordinates of the scattering centres are d k (k = 1, 2, . . . , K), the radar echo can be expressed as
where s k (k = 1, 2, . . . , K) denote the reflection coefficients of scatters, which are assumed to be constants in frequency range
c is the speed of electromagnetic wave in free-space, and n m denote
Imaging Zone d Ο Figure 1 . Geometry of radar range imaging. additive complex white Gaussian noise with zero mean and variance σ 2 .
By using vector notation, (1) can be rewritten as follows,
where T denotes transpose, and a (d K ) is called the mode vector. The autocorrelation matrix of the radar echo is defined as,
where H denotes complex conjugate transpose. Different from DOA case, only one set of observation data ("one snapshot") can be obtained in radar range imaging. In other words, the scattered signals from various scattering centres are "coherent", and this "coherence" makes the rank of R X is less than K, and in fact the rank of R X is equal to 1. The SSP has been demonstrated to be a very effective de-correlating method used in DOA, and it is introduced to the radar range processing. In the following, a brief introduction to SSP is in order.
Let's set up a p × 1 (p > K) vector, as illustrated in Fig. 2 , the radar echo of M samples can be segmented into L (L = M + 1 − p) vectors, if we use X p (l) to represent the l-th vector, and then X p (l) can be written as
where Equation (9) can be expanded as
Using vector notation, (10) can be rewritten as
where 
is a matrix with rank of p. 
So the eigenvalues of R Xp can be given by
Let's define signal eigenvectors and noise eigenvectors as U S and U N , respectively, as shown in Equations (16)- (18),
In the next, we analyze the R Xp U N as shown by (19) and (20)
Using (19) and (20)
Let's define spatial spectrum as
where a p (d) is named as the searching vector. According to [26] , in Root-MUSIC algorithm, the roots satisfying Equation (21) give peaks in the spatial spectrum given in (22) .
The spatial spectrum can also be defined as
The distance of each scattering centre can be estimated by searching the peak position of the spatial spectrum function. However the amplitude of each peak contains no information with regard to the scattering intensities of the scattering centres. Therefore, having estimated d k (k = 1, 2, . . . , K), we then construct matrix A and use the Least Square Method (LSM) to estimate the reflection coefficient of each scattering centre as following
UNIQUENESS AND EFFECTIVENESS CONDITIONS FOR MUSIC
Among the three assumptions discussed in Section 2, Assumption (2) is usually easy satisfied, but Assumption (1) and Assumption (3) are not.
Uniqueness Condition Analysis
As we known,
. .) exists in mathematics, and it is described as "range ambiguity" in radar range imaging. Here, the range ambiguity means that we can get peaks not only in position d, but also in d + kc/2∆f (k = ±1, ±2, . . .), so "artifacts" appears in range profile. In DOA case, the angle of incidence is range from 0 • to 360
In order to get a unique range profile of scattering centres, and make the Assumption (1) satisfied, the following condition should be met,
where d max and d min are the maximum and minimum coordinates of the scattering centres. Equation (25) also means that the frequency step ∆f should satisfy ∆f ≤ c 2∆d max (26) where ∆d max = d max − d min is the maximum dimension of the target. Equation (25) is called the uniqueness condition, because "range ambiguity" and "artifacts" appears if Equation (25) is unsatisfied.
Effectiveness Condition Analysis
Let's define
Then, the element of ψ can be computed by
where ∆d ij = d i − d j and * denotes complex conjugate.
Here, we discuss ψ(i, j) when i = j, and for convenience, let's set
Assuming L is infinite (usually L is very large), when
so the rank of ψ is equal to 1, and Assumption (3) is unsatisfied. In this situation, the SSP does not work, and the "coherence" is not de-correlated.
so ψ is a full-rank diagonal matrix, and Assumption (3) is satisfied. Here, the SSP works, and the "coherence" is effective de-correlated. According to the above analysis, the effectiveness condition of the MUSIC, which makes Assumption (3) satisfied, can be concluded as,
Combining (25) and (32),
In summary, to effectively apply the MUSIC in radar range imaging and obtain uniquely imaging result, we should guarantee the uniqueness and effectiveness conditions stated as (33) .
Theoretically, when L is infinite, the ψ(i, j) (i = j) always converge to 0. But in practical situation, L can not be infinite, so the convergence performance of ψ(i, j) (i = j) should be considered seriously, especially the convergence rate. Whether ψ(i, j)(i = j) is converge to 0 determines the effectiveness of the de-correlating and the convergence rate affects the choice of L, and slow convergence rate requires more sub-vectors. Simulations about the convergence rate of ψ(i, j) (i = j) and the choice of L are presented in Section 5.
RESOLUTION THRESHOLD FOR MUSIC
In Section 3 we have investigated the uniqueness and effectiveness conditions of the MUSIC algorithm when used in 1-D radar range imaging.
In this section, we analyze the statistical performance of the resolution threshold for MUSIC algorithm.
In this section, we firstly derive the statistical expression of the null spectrum, and then analyse the performance of the null spectrum, moreover, we derive an approximate expression for the resolution threshold of the MUSIC. In the following analysis, we assume L is large enough and ψ(i, j) (i = j) converges to 0.
Performance of Null Spectrum
In practice, R Xp is computed as follows,
where L is finite, andR Xp is a biased estimation of R Xp . Let's set the K principal eigenvalues and their eigenvectors ofR Xp as followsλ
where λ i and u i (i = 1, 2, . . . , K) are the K principal eigenvalues and eigenvectors of R Xp , respectively. According to literature [61, 62] , η i have the following statistical properties
Let's define the "null spectrum" as
By taking the expectation of (40) as following
The ideal null spectrum is
where
To investigate the resolution threshold, we consider K = 2, then
According to literature [33, 61] , the two principal eigenvalues of R Xp are given as followinḡ
where [61] .
φ can be expressed as
where τ 12 = 2π∆f ∆d 12 /c and ∆d
And, according to the uniqueness and effectiveness conditions, and assuming L is large (this is usually true), we can get ρ = ψ(1, 2)/ √ P 1 P 2 → 0. Next, we investigate the null spectrum in case of φ = 0 and φ = 0, respectively. A. φ = 0 case According to (47) ,
The two principal eigenvalues and eigenvectors of R Xp are given in (49) and (50),
where c 1(2) are constants, and P 1 = |s 1 | 2 , P 2 = |s 2 | 2 . By using D(d 1(2) ) ≡ 0, (44) can be expressed as
Equation ( 
For convenience, assume s 1 = s 2 and P 1 = P 2 = P , and the two principal eigenvalues and eigenvectors of R Xp are expressed as following,
where c 1(2) are constants.
Without loss of generality, we study whether two very close targets can be distinguished and investigate the resolution threshold issue, so the assumption pτ 12 < 1 does make sense.
According to the series expansion of trigonometric function, |φ| 2 can be formulated,
By substituting (59) into (58),
Let's define B s = p∆f as "sub-bandwidth", so
Unlike φ = 0 case, the second parts in bracket of (61) (63) Here, we define the resolution threshold
From (66) and (67), if the following equation is satisfied, the two scattering centres can be distinguished.
In (68), (p − 2)λσ 2 /2L(λ − σ 2 ) 2 − 1 < 0 is always guaranteed, so if 2∇ 2 − 1 < 0, the two scattering centres can be distinguished.
Consider
(a) when k is an even number, ∇ 2 = 0, and 2∇ 2 − 1 < 0, the two scattering centres can be distinguished. (b) when k is an odd number
As we known, p > K = 2, so 2∇ 2 − 1 < 0 is satisfied, and the two scattering centres can be distinguished. In summary, the two scattering centres are always distinguishable when φ = 0 is satisfied. B. φ = 0 case According to [33] , we have
By substituting λ 1 = pP (1 + |φ|) + σ 2 into (73),
According to the series expansion of trigonometric function, 
By using the fact of pτ 12 < 1, (60) and (75) can be simplified as (76) and (77), 
According to the definition of resolution threshold as shown in (64), the extreme resolution satisfied
Using (76) and (77), and assuming σ 2 /P < 1 (the assumption is usually true) and pτ 12 < 1,
(c) when
The above expression is the resolution threshold of the MUSIC algorithm when used in radar range imaging. From (81) and (83), the resolution threshold is closely relative to p, L, σ 2 /P and B s . And c/2B s can be regard as the resolution of the sub-bandwidth.
SIMULATION RESULTS
In this section, simulations are presented to demonstrate the uniqueness condition, convergence performance of ψ(i, j) (i = j), performance of null spectrum and resolution threshold.
Uniqueness Condition Simulation
Simulations about the uniqueness condition are shown in Fig. 3 . Two targets are locating at −5.0 m and 5.0 m, their reflection coefficients are 0.90 and 0.80, respectively, the centre frequency of the transmitting signal is 10 GHz (X-band), the sample number in frequency is 50, and the length of sub-vector in SSP is 8. 500 times of Monte Carlo simulations are conducted. According to (26) , the frequency step should be less than 15 MHz. Figs. 3(a) and (b) show that range imaging is correctly obtained when frequency step are 10 MHz and 15 MHz, respectively, however when the frequency step is as large as 20 MHz, as shown in Fig. 3(c) , "artifacts" appears in range imaging.
Convergence Performance of ψ(i, j) (i = j)
In Section 3, we discussed the convergence performance of ψ(i, j) (i = j), especially the convergence rate. Fig. 4(a) shows that the convergence rate is related to the value of |τ ij |. When |τ ij | is close to π/2, the convergence rate become fast; when |τ ij | is close to 0 or π, the convergence rate is slow. Fig. 4(b) shows how to choose an appropriate value of L with different |τ ij | (0 < |τ ij | < π) when ψ (i, j) (i = j) converge to 0.02. And it shows that we can choose L < 100 as π/5 ≤ |τ ij | ≤ 4π/5, but L increases rapidly when 0 < |τ ij | < π/5 or 4π/5 < |τ ij | < π, i.e., we should choose L > 500 when |τ ij | is close to 0 or π.
Performance of Null Spectrum
Simulations of the null spectrum are given in Null Spectrum Monte Carlo test is 500. In these simulations, L is large enough and ρ → 0. In addition, pτ 12 < 1 is used when φ = 0. The relationships between the null spectrum and SNR, L and p are depicted in Fig. 5 (φ = 0 case) and Fig. 6 (φ = 0 case). It is observed that the simulation results are consistent to the theoretical ones [see Formulation (51) and (61)]. In Fig. 5 , it shows that null spectrum obviously decreases with the increasing of SNR and L, but has little relationship with p when p 2. The reason why target 1's null spectrum is less than target 2 is that its reflection coefficient is greater than that of target 2. In Figs. 5(a) (b) , the null spectrum is inverse to L. In Figs. 5(c) (d) , the relationship between the null spectrum and SNR is more complex because of the presence of the quadratic term of σ 2 /P ; and in Figs. 5(e) (f), when p 2 and SNR is high, the change of p has little impact on the null spectrum. Fig. 6 shows the similar relationship between the null spectrum and SNR, L and p, the only difference is that the quadratic term of σ 2 /P when φ = 0 is much more complex, and its null spectrum is also relate to B s and ∆d 12 . Simulations of the resolution threshold (φ = 0 case) are given in Fig. 7 . Two targets are locating at −0.05 m and 0.05 m, their reflection coefficients are both 0.90, and the centre frequency is 10 GHz, the frequency step is 15 MHz, and the number of Monte Carlo test is 500. Fig. 7 shows the relationship between the resolution threshold and SNR, L and p. In simulations, ρ → 0 and δ d p < 1 are satisfied. In Fig. 7 , it shows that the simulation results are consistent to the theoretical ones [see Formulation (76) and (77)]. And in Figs. 7(a) (b) , the null spectrum decreases with the increasing of SNR, and the intersection point of the curves means that two targets can be distinguished after this intersection (SNR = 15 dB). In Figs. 7(c) (d) , the null spectrum also decreases with the increasing of L, and two targets can be distinguished when L > 500. In Figs. 7(e) (f), the null spectrum of midpoint changes dramatically with the increasing of p, but the null spectrum of targets are almost unchanged. The intersection point is p = 15, it means targets can be distinguished when p > 15. 
CONCLUSIONS
The application of the MUSIC algorithm in radar range imaging is discussed in this paper, and the asymptotic statistical analysis of the null spectrum and the resolution threshold is presented, which is closely related to the performance of the MUSIC algorithm. Theoretical expression of the null spectrum is derived firstly. By using its statistic characteristics, we derived the uniqueness and effectiveness conditions for MUSIC, and simulations illustrate that only when the two conditions are met simultaneity can the unique image of targets be obtained; otherwise "artifacts" appears. At last, the expression of the resolution threshold of MUSIC used in radar range imaging is presented based on the asymptotic statistical characteristics of the null spectrum. Monte Carlo tests validate the derivations.
In this paper, we only focus on the performance of the MUSIC algorithm used in radar range profiles, the follow-up work should be the performance of the MUSIC algorithm used in two or three dimension radar imaging.
